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Optimization problems

The optimization problem is to find the best solution from all possible
solutions. We want to minimize an objective function J(u) (the energy, cost,

entropy, performance, and so on) within a set W.

Minimize J(u)

within the set W

If it is difficult to find the minimizer analytically, we use iteration method

ut =yt - AVj@u)

The EUIer'Lagrange equation of ](u) is somewhat V](U,) = (), where a is "Freschet" derivative.



Minimization in Finite Dimension

Minimization
Assume u, € W = R" is a global minimum of the objective function J(u) on the

domain W, that is,
J(u.) < J(v) forall ve W.

Then u., is a critical point of J:

0= C%J(u@ + tV)|t—0 = VJ(U.) - v= (VJ(u,), v) for allv € R".
The left side of the above identity is known as the directional derivative of J with
respect to v that is defined as

n

Vo), vy = 3 . v,

j=1

Note that —V J(u) is the steepest descent direction of J at w.



Minimization in Sobolev space H'(Q)

Minimize J(u)

within the set W = {v € HE(@wl o = f}

U, is minimizer iff J(u,) <J(v) VveWw

iff J(u) <J(u+tp) Vo € HY(Q), VLt ER

» S+ tg) e =0 Ve € HA@)



Length Minimization joining two points

Consider the curve minimization problem joining two point (a, a) and (b, 3):

H Minimize — J(u) = [2\/1 + (U/)2dx
withintheset W = {ue W"'(a,b) | u(a) = a, u(b) = 5}

Here, W"'(a,b) = {u| [?\/uZ+ (U')2dx < oc}. (This is a kind of Sobolev space or
a Banach space.) If u, is a minimizer, then




Consider the curve minimization problem joining two point (a, ) and (b, 3):

H Minimize  J(u) = [2 /1 + (u')2dx

withintheset W = {ue W"'(a,b) | u(a) = o, u(b) = 3}

Here, W''(a,b) = {u| [P \/uZ+ (U/)2dx < oo}. (This is a kind of Sobolev space or
a Banach space.) If u. is a minimizer, then

u.(x)=0 a<x<b.

Proof. Assume that U is minimizer

@ For all v € H}, we have

dJu+ o =2 [2V/TF(U T tv’)zdx’

. ]‘b ou' v/ +2tv"2 dX
- Ja P = J1a
\/1 (U’ +tv )

— 2f W vax

B b u"[\/1+(u')2— 2u’2]
=2} TP v dx

t 0

1+ u’]2



Consider the curve minimization problem joining two point (a, o) and (b, 3):

|

Here, W''(a,b) = {u| [P \/U? + (U)2dx < co}. (This is a kind of Sobolev space or
a Banach space.) If u. is a minimizer, then

Minimize [ V1 + (v)2ax
within the set ={ue W" 1(a b) | u(a) = a, u(b) = B8}

u;(x) =0 a<x<b.

' "2 _2 12
GIU+ )| =2 f) T2y ok

Since the above identity holds for all v € H{, the minimizer u. satisfies
Euler-Lagrange

vl [\/1+ —2u?]

=0 a< x<>b
1+( )

and hence
u(x)=0 a<x<b.

Hence, the straight line joining (a, «) and (b, ) is the minimizer.



Dirichelt Problem

Let Q be a domain in R2. Consider the minimization problem

Minimize  J(u) := [, |Vu(x,y)|*dxdy
within the set W := {u e H'(Q) : ulsa = f(Xx,y)}

Here, H'(Q) = {u: [, |ul® + |Vul?dxdy < oc}. Then the minimizer u satisfies the
Dirichlet problem:

Viu(x,y) =0 (x.y) €Q
Ulag = f ( the prescribed boundary potential)

.

Proof. Assume that U is minimizer

@ Forallv e HI(Q) :={veH(Q) : ulsq =0},

0 =ZJ(u+tv)|—o=2J,Vu-Vv dxdy
= —2 [ VZuv dxdy

Since this hold for all v € Hy(2), we have

0= Vu in Q



Minimal Surfaces

Consider the minimal surface problem

Here, W"'(Q) = {u : [, |u| + |Vuldxdy < oo}. If a minimizer u exist, u satisfies the
following nonlinear problem with the Dirichlet boundary condition:

Minimize  J(u) = /1 + U + uZdxdy
within the set W := {u e W"(Q) : u|pq = f}

v (\f1—|—|‘?u|2) n 9
Ulag =f ( Dirichlet boundary)

@ Forallv e W, (Q) :={veW"(Q): v|sa =0},

0 =2J(U+t)|o= [, \/% - Vv dxdy
= [, [_v : (TEUTME) v dxdy
Since this hold for all v € W,""(Q), we have
0=V (—Y )  inQ

v 1+ |Vul?




Total Variation Minimization
Consider the minimization problem

Minimize  J(u) := [, [Vu(x, y)| + |u — uo[*axdy
within the set W := {ue W"'(Q) : n-Vu|sq = 0}

If a minimizer u exist, u satisfies the following nonlinear problem with zero Neumann
boundary condition:

v.(gﬁ|):2(u—ug) in Q
n-Vulsg =0 ( insulating boundary)

@ Forallve W' (Q),

0 =2J(U+tv)|i—o= fQIVUI Vv +2(u — up)v dxdy
:fn[ —~V - (|w|)+2(u—uo)] v dxdy

Since this hold for all v € W''(2), we have

Vu

0="V(7y

)+ 2(u — W) in




Comparison of L? & L1 — norm minimization
p

Let uy € HE(Q) represent a noisy image defined in Q. Consider the two minimization problems.

Minimize ®(u): = j IV ul?> + |u—upl|?dx
Q
within the set X:= H}(Q)

Minimize E(u):= f IV ul' +|u—ugl?dx
Q
within the set X = M/01’1 Q).

u = argmin ®(v)

u = argmin J(v)
veX




d
E(b(u + t) ‘t=0 = -2 Jﬂ( VZu —u+uy)d Vo € Hi(Q)

« Hence, (V?u —u+uy) is the steepest descent direction of @ at u,
the direction that ®(u) decreases most quickly. Explain the reason.

» The corresponding iteration schemes is
Unyr = Up —AV D (uy)

ou 5 _
ﬂ:/l(v u—u+uy) inQ, t>0



Minimize ®(u): = f Vul? + |u—upl?dx
Q
within the set X:= Hj (L) /

P (u)

X:= H(Q)




u

- A (Tu —utu) Fidelity Fitting

About e - U + Uy for image




u

37 = A (PP u —utu) Regularization
ou 2 :
About PP V< u for image




d
aE(u+ to) ‘t=0 = —j

(7

* Hence, (V : (lv—luqu) —2(u— uo)) is the

steepest descent direction of E at u, the
direction that E(u) decreases most quickly.
Explain the reason.

» The corresponding iteration schemes is
Un+1 = Up —AVE (up)




Final Remark

During 1990-2015, PDE-based algorithms had a
significant impact on many image processing tasks.

Currently, image processing is experiencing a paradigm
shift due to a marked and rapid advance in deep
learning techniques. Deep learning techniques are
being applied for various purposes in image analysis

darea.



