
Minimizing Loss Function

For a given 𝝆 = ,  what is the solution 𝒖∗ satisfying  

𝐮∗ = 𝐚𝐫𝐠𝐦𝐢𝐧
𝒖∈𝒔𝒐𝒎𝒆 𝒔𝒆𝒕

𝚽 𝒖 where Φ 𝑢 = න
Ω

1

2
∇𝑢 2 − 𝜌𝑢

Answer: 𝐮∗ =



𝑢 𝑥, 𝑦 ≈ 𝑢𝑖𝑗

𝑢

𝑢11 ⋯ 𝑢1𝑛
⋮ ⋱ ⋮

𝑢𝑚1 ⋯ 𝑢𝑚𝑛

=

white-255
black-0

Understanding PDEs using 2D images as examples

𝑦

𝑥

• A function 𝒖(𝒙, 𝒚) of two variables 𝒙, 𝒚 can be represented as a grayscale image.
• The grayscale image is represented as a matrix (𝒖𝒊𝒋 ), with each element corresponding to 

one image pixel. 

Each pixel is assigned a 
value of grayscale level 
between 0 and 255



Directional Derivative 

The right figure shows the image of the directional derivative 𝟐, 𝟑 ⋅ 𝛁𝐮 = 𝟐
𝝏𝒖

𝝏𝒙
+ 𝟑

𝝏𝒖

𝝏𝒚
.

𝒖 =

𝑢11 ⋯ 𝑢1𝑛
⋮ ⋱ ⋮

𝑢𝑚1 ⋯ 𝑢𝑚𝑛
𝛁𝒖 = (

𝝏𝒖

𝝏𝒙
,
𝝏𝒖

𝝏𝒚
) 𝟐, 𝟑 ⋅ 𝛁𝐮

𝝏𝒖

𝝏𝒙
= 𝒖𝒊+𝟏,𝒋 − 𝒖𝒊,𝒋 &

𝝏𝒖

𝝏𝒚
= 𝒖𝒊,𝒋+𝟏 − 𝒖𝒊,𝒋



𝟎 =
𝐝

𝐝𝐭
𝚽 𝒖∗ + 𝒕𝝓 ቚ

𝒕=𝟎

=
d

dt
න
Ω

1

2
∇(𝑢∗ + 𝑡𝜙) 2 − 𝜌 𝑢∗ + 𝑡𝜙 𝑑𝑟 ቚ

𝑡=0

=
d

dt
න
Ω

1

2
∇𝑢∗

2 + t∇𝑢∗ ⋅ ∇𝜙 + 𝑡2 ∇𝜙 2 − 𝜌𝑢∗ − 𝑡𝜌𝜙 dr ቚ
t=0

= න
Ω

∇𝑢∗ ⋅ ∇𝜙 − 𝜌𝜙 = න
Ω

−∇2𝑢∗ − 𝜌 𝜙

𝑓𝑜𝑟 𝑎𝑙𝑙 𝜙

If 𝐮∗ = 𝐚𝐫𝐠𝐦𝐢𝐧
𝒖

𝚽 𝒖 , 𝐮∗ is a critical point of the function 𝚽 𝒖 , that is,  

𝐝

𝐝𝐭
𝚽 +𝒕



𝒖
𝝏𝒖

𝝏𝒙

𝝏𝒖

𝝏𝒚

This image 𝒖 𝒙, 𝒚 ≈ 𝒖𝒊𝒋 can be viewed 

as a solution of Poisson’s equation 

−𝜵𝟐𝒖 = 𝝆 𝒊𝒏 𝛀

Poisson’s equation

𝝆 = 𝛁𝟐𝒖

The sparse data 𝝆 contains almost the 
full information of the image 𝒖 .






