Minimizing Loss Function

For a given p = | , what is the solution u, satisfying

1
u, = argmin ®(u) where®(u) = f §|VU|2 — pu

uesome set (§)

Answer: u, = SIS




Understanding PDEs using 2D images as examples

« A function u(x,y) of two variables (x,y) can be represented as a grayscale image.
- The grayscale image is represented as a matrix (u;;), with each element corresponding to

one image pixel.
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Each pixel is assigned a
value of grayscale level
between 0 and 255
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Directional Derivative

The right figure shows the image of the directional derivative (2,3) -
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If u, = argmin ®(u), u, is a critical point of the function ®(u), that is,
u
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Poisson’s equation

This image u(x,y) ~ u;; can be viewed
as a solution of Poisson’s equation
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The sparse data p contains almost the

full information of the image u .



Theorem
Letp € C(Q) and f € C'(09Q). Suppose that u € C?(Q) N C'(Q) is the solution of

—V2u=p inQ
U|aQ: f.

Then, u is characterized as the unique solution that minimizes the Dirichlet functional
1 2
o(v):= [ z|VVv|® — pvdx
JQ 2

within the set A := {v € C*(Q) N C'(Q) : V|oq = f}.

@ Suppose w = arg minyc_4 ®(v). Since ®(w) < &(w + t¢) for any ¢ € C{(Q2) and
any t € R,

d
0= gtcb(er to)

Integration by parts yields

= / VW-Vé—ppdx Vo€ CH(Q).
t=0 Q

/(v"‘w +p)pdx =0 V¢ e Ci(Q),
Q

which leads to V2w + p = 0in Q.




Energy Minimization Approach

If uis the solution of —Vu = pin Q with u|aq = f, then u minimizes the energy
functional ®(u) within the class A := {w € C?(Q) : u|aq = f} where the energy

functional is defined by
1) ;:/ (%wz — ,OU) dr.
Q

Proof.
O Forallg € A,

0= L(—vzu—p)(u—qs)dx: /Qwvw—qb) —p(u— &),

O Forallg € A,
/ IVul® — pudr = / Vu- V¢ — ppdr.
Q Q

@ Since |Vu-Vg| < 1[Vul® + 1|Vo|?,
d(u) < o(p) forall g € A.



