Laplace Equation

V-Vu=20

Laplace’s equation describes equilibrium solutions (or steady state or
unchanging in time) such as steady-state electrical potential,
steady-state temperature, and so on.
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Boundary Value Problem for V2u = 0

Let Q be a domain in R3. The Laplace equation of a scalar variable u is
V2U = Uxx -+ Uyy + U = 0 |n Q

There are three types of boundary conditions:
@ Dirichlet boundary condition: u|sq = f on the boundary 9f.
@ Neumann boundary condition: Vu - n|sq = g on the boundary 9.

@ Mixed boundary condition: for two non-overlapping parts I'p and I'y with
0 =TpUTlp,

ou
U||'D =f and %|rN =Vu- n|rN =4.

When there exists an internal source p in 2, u satisfies the Poisson equation:

VU =Ux+ Uy +Uzz=p in Q



Boundary Value Problem

For a given p € C(Q) and h € C(99), consider the following Poisson equation with a
Dirichlet boundary condition:

{ —VZUZUxx+Uyy+Uzz:p in (1)

U|aQ: f.

@ By the principle of superposition, we can decompose its solution u as
u(r) = v(r) + h(r), reQ
where v and h satisfy

—Vév=p inQ and —~V?h=0 inQ
V|(‘)Q =0 h‘ag = f.



Examples

9 u= x(x — 1) is solution of

u'(x) =1 (0 < x < 1), u(0) = u(1) =0.

O u(x,y) = X2+£2‘1 is the solution of

Vzu =1 1in Q, U|aQ =0

where Q is the unit disk centered at the origin.
O Let u be the solution of

ViZu=0 inQ=(0,n)x(0,7)
{ u(x,0)=g(x), 0 =u(x,n) =u(0,y)=u(my), 0<x,y<mw

Use separable variables and Fourier analysis to get

u(x,y) ="> _casinhn(m — y)sinnx where ) ~ c,sinh nrsin nx = g(x).

n=1 n=1



Laplace Equat_ion
in two dimension

VZUZ Uxx + Uyy = 0



X =rcos6

y=rsinf

u(1,0) = f(x)
u(r,0) = u(r,2mn)

u(0,0) = constant

Theorem (Laplace Equation in a Circle)
LetQ = By(0). Suppose u is a solution of

u  10u 1 & :
2
VU=%r " ror T =0 M ez

—1
where r = \/x2 + y? and 0 =tan™' £. We can express u as

. 1 [e" s = ”
u(rcos@, rsinf) = —/ f(cos 6, sin 6) ! —dé.
2 Jo 14 r2—2rcos(60—0)

@ For convenience, we denote U(r,0) = u(rcos@, rsin®). Then, i(r, 0) satisfies

of0 100 1 0%D .
W"‘ FE +EW =0 in [071) X [0,271']
with
u(1,0) =1£(0), u(r,2r)=u(r,0), u(0,0) = u(0,0).

~

boundary condition continuity condition
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Theorem (Laplace Equation in a Circle)
LetQ = B, (0). Suppose u is a solution of

2> Pu 1ou 1 dFu

WU = e = O R R ) Ulag = f
are " rar 2o loa

where r = /X2 + y2 and @ = tan~' £. We can express u as

. e 5 . 1-r°
u(recosd, rsinfl) = 5 / f(cos @, sin )
w Jo

u(1,0) = f(x)

—df.
1+r2 —2rcos(f — @)

u(r,0) = u(r,2m)

u(0,0) = constant

Continue the proof: Separation of variables

Consider (r,0) = v(r)w(0) satisfying

(5)2 18 .18

a(r,0)
with u(r,27) = u(r,0), u(0,0) = u(0,0).
@ (r,0) = v(r)w(0) must satisfy

rev(ry+rv'(r)  w’()

V(1) — 0 = A\ = a constant.

This leads to
o w'(0)+ Aw(0) =0 with w(0)= w(2r).
o riv' +rv/ —nPfv=0 & v(0) <
@ The eigenvalue problem for w has
A=0w=1

n

@ For each eigenvalue A\ = n?, v(r) = r".

A= n? (n=1,2,---) +> sinnf, cos nb.



Theorem (Laplace Equation in a Circle) Q W”[:(}) | /\W(ﬁ) — 0 with W(O) — W(2?r),

Let Q = By(0). Suppose u is a solution of ° rgv” + rv; - ngv . O & V(U) < o0
5 Pu 1dou 1 &%u ’ T
Viu= - F=—e—t—=—==0 inQ, Ulag = f .
o " ror " op ! @ The eigenvalue problem for w has
where r = \/x? + y? and 0 = tan~' £. We can express u as
oo pm i . 12:;({} o A=0cw=1 A=n? (n=1,2,---) < sinnd, cos né.
T Jo — -

@ For each eigenvalue \ = n?, v(r) = r".

@ Hence, all possible polar separable solutions are
v(ryw(@) =r"cosnd or r"sinnd (n=0,1,23,---).

@ Claim: & can be expressed as
o0

b(r,0) = ao+ » _ (anr"cos n + byr" sin no) .

n=1

u(1,0) = f(x)

@ Since this expression for i satisfies all conditions except (1, 0) = f(0), it

u(r,0) = u(r2m) suffices to show that f can be expressed as

u(0,8) = constant f(0) =0(1,0) = % + Z (an cos nd + by, sin no)

n=1

According to Fourier analysis, we can do it.



Theorem (Laplace Equation in a Circle)
Let Q2 = B;(0). Suppose u is a solution of

n2 £ 2
2 ou 10ou L osly ;
Rp=oit gl U p 8 R . oo ="f
viu or? * ror - r=a02 0 ing Ulos

where r = \/x2 + y2 and § = tan~' Y. We can express u as

277 ] =
u(rcos@, rsinf) = £ / f(cos @, sinf)—— L —db.
2 Jo 1+ r2—2rcos(6 —0)

@ Hence, the solution u(rcos @, rsinf) = u(r,0) can be expressed as

2
o(r,0) = % /0 f(9) + Z r"(cos nf cos nd + sin nf sin nd) | d

A >y
"

:%4_2321 r" cos n(0—0)

@ Denoting z = re'®=%, we have

N |

%) 1_,.2
2 cos n(f ( +Z ) 2(1 4 r2 — 2rcos(f — 0))

and

NP B L (1-r%) ,
ur.6) =2 /o f(9)2(1 +r2 —2rcos(f — 0)) o



Theorem (Mean value property and maximum principle)

Assume that VZu(r) = 0 in Q C R?. Here, r = (x, ). If B,,(ro) C Q, then u(ro) is the
average of u over the circle 0B, (ro):

1

u(rg) = ——
(fo) 27l 9By, (1)

u(r)dty.

Moreover, u can not have a strict local maximum or minimum at any interior point of 2.
v

@ Writing d(r,0) = u(ro + rp(rcosé, rsing)), we have

. 1[5 1—r? .
u(r,0) = — u(1,6) —do.
2m Jo 14 r2 — 2rcos(0 — )
@ The above identity directly yields
A I Y T
urO:UO,H:—/ u(1,0)df = —— u(r)dty,
(1) =000,0) = 5 | 80Dl = 50 g Ul

which means that u(ro) is the average of u over the circle 9B, (ro).
@ The maximum principle follows from the mean value property.




Theorem (Uniqueness of Dirichlet problem)
Suppose u,v € C*(Q) N C'(Q) satisfy
VEu=V2v in Q,  Uloa = V]sa.

Then u = v in Q.

@ Denoting w = u — v, w satisfies
V2W:0 in €, W|ag = 0.

From the maximum principle, w can not have a strict maximum or minimum
inside Q. Since w|sq =0, w =01in Q.



