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Let Q be a bounded domain in R®. Consider the following divergence form elliptic

operator:
Lo [ du : ou
Lu=— — gi(X)— bi(x)— +cu(x 1
D
V-(A(X)V 1) b(x)-Vu

where A = (&;) is positive definite and bounded matrix and
g;€C'(Q), b, cel™(Q), fel’Q)

The bounded linear form a(-,-) : H'(Q) x H'(Q) — R, associated with divergence
form elliptic operator L is
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alu,¢) = aj——— bi—o + cu¢ | dx 2
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Interior H?-Regularity

Suppose that u € H'(Q) is a weak solution of Lu = f, that is,
a(u,o) = / fopdx VYo € H)(R).
J Q

If f € L?(Q), then the solution u has the following higher regularity: For each V cc Q,
we have the estimate
[Ullpevy < CUITllz) + [1Ulli2@))- (3)

the constant C depending only on V., 2, and the coefficients of L.




Interior H?-Regularity

Suppose that u € H‘(Q) is a weak solution of Lu = f, that is,
a(u, ¢) = / fodx Yo € Hi(Q).
J 0

If f € L3(R), then the solution u has the following higher regularity: For each V cc Q,
we have the estimate
[Ullzevy < CUIFll 2@y + 1Ulliz(ey)s (3)

the constant C depending only on V., and the coefficients of L.

The proof is very easy if you know integration by part.
@ Since u is a weak solution of (1), we have

/ (AVU.Vp)ax = [ fodx, V¢ e Ci(Q) (4)
N Q p | JQ

where A = (g;) and

@ Choose an open set W such that V cc W cc . Take a cut-off function
¢ € CH(W) with ¢|v = 1.




Interior H?-Regularity

Suppose that u € H‘(Q) is a weak solution of Lu = f, that is,
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If f € L3(Q), then the solution u has the following higher regularity: For each V cc Q,

we have the estimate
Ullkzevy < CUIfll 20y + [Ulle2q)),
the constant C depending only on V., and the coefficients of L.
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The proof is very easy if you know integration by part.
@ Since u is a weak solution of (1), we have

[ (AVU,Vo)dx = [ fodx, V¢ e Ci(Q)
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where A = (g;) and
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@ Choose an open set W such that V cc W cc Q. Take a cut-off function
¢ € CH(W) with ¢|y = 1.
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Interior H>-Regularity
Suppose that u € H'(Q) is a weak solution of Lu = f, that is,

a(u.o) = | fodx Yo € Hy(Q).

J0

If f € L2(Q), then the solution u has the following higher regularity: For each V cc Q,
we have the estimate
lullzevy < CUIFllizeay + Nl Ullizey)s (3)

the constant C depending only on V., and the coefficients of L.

The proof is very easy if you know integration by part.
@ Since u is a weak solution of (1), we have
/ (AV U, Vo)dx / fodx, Voe cg(n) (4)
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where A = (g;) and

@ Choose an open set W such that V cc W cc . Take a cut-off function
¢ e CHW) with ¢|v = 1.

O Substitute ¢ = u¢? into (4), we have

/(AVu.Vu)g-de—zfva, Ve)ucdx = /?uq2dx
JQ JQ JQ

s
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Observe that

IVUC|[ T2y < C1 Jo(AV U, VU)(Zdx where C; depends on the ellipticity of
A.
Using ab < ea& + 1b°, we have

2 2
< €l|[Vud|liz) + Cetllullizq)

/(AVU. Vyucax
JQ

where C. 1 depends on e and ||V (|| ) and A.

Similarly,
[ fucdx
JQ

where C. 2 depends on e and ||b|[ =< (q) and ||C||r=(q).

2 2 2
< €l[Vuclliziq) + Cea(llUlliz) + Ifllz@q))




Interior H2-Regularity

Suppose that u € H'(2) is a weak solution of Lu = f, that is,

a(u, ¢) = / fodx Yo € H(Q).
If f & L?(S2), then the solution u has the following higher regularity: For each V cc ©,
we have the estimate

Ullzivy < CUIMezimy + 1Ulle2gey)- (3)
the constant C depending only on V.2, and the coefficients of L.
The proof is very easy if you know integration by part.

@ Since u is a weak solution of (1), we have
(4)

/ (AVUY, Vo)dx = [ Todx, Ve Co(Q
Ja
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where A = (a;) and

!—Lb,——cu

@ Choose an open set W such that V cc W cc 0. Take a cut-off function
¢ € CHW) with {|y = 1.

O Substitute ¢ = uc? into (4), we have

/.;fA\“u.\“u’;:-\edx ~-2 / (AVU, VO ucdx = / fuctdx
] <0 40
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Observe that

||V’u'<¥||L2[m < Ci [o(AVu, Vu)(Pdx where C; depends on the ellipticity of

Usmg ab < & + 16, we have

where C. ; depends on ¢ and || V(|| =) and A.
Similarly,

2 2 | ~ -2 2 2
‘/Q fuc®dx| < €||Vucllizig) + Cealllullzg) + [Ifllzg)

where C, » depends on ¢ and || b = q) and ||¢[[r= ).

i

(Avu V) uCdx| < €| Vuc||Fz) + Cellullzi

O By taking ¢ < , all the above estimates lead to the following estimate

10(1+c
||VUC||L2(Q) < CE(“UHLE‘(Q) + ||f||;_2(n))

or
2 2 2
IVUllzyy < Ca(llull 2y + Ifll12(0)) (5)

@ For the estimate of |[VVu|%,,,, substitute ¢ = —D; "(Dfu¢?) into (2), where
D}:'u denotes the different quotient
u(x + hex) —u(x) __ ou
h - OXje
where his very very smalland 0 < h < dist(W. 02). Then
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Interior H2-Regularity
Suppose that u € H'(2) is a weak solution of Lu = /, that is,

alu, ) = I fodx Wie Hy (D)
n

If f € L?{22), then the solution u has the following higher regularity: For each V 1,
we have the estimate

tlragwy = CUIMc2gmy + NWlliagy ) (3)
the constant C depending only on V. £, and the coeflicients of L.

The proof is very easy il you know integration by part.
@ Since uis a weak solution of (1), we have

/'.;Avu.('.-_.ax » / fode, Woe GH(R) @)
o Ja
— ar

where A = (ay) and
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@ Choose an open set W such that V cc W cc 1. Take a cut-off function

¢ e GH(W)with {Jy = 1.

@ Substitute ¢ = u¢? into (4), we have

l ACu, Vi Cdx 2/:‘ATU.\".\I:U\_dx = /?uk?ax
n Ja ]
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Observe that

| Tu.,'if?”._,l < G [o(AV Y, Vu)¢?dx where C depends on the ellipticity of
A

Using ab < ea&” + 167, we have

/:jA\_u. T.,j'u.,dx! < || VU Faqy + CoatllUllfeg
S0

where C, , depends on ¢ and || V||~ qy and A.
Similarly,

TN G e 2 i i, e
/ f”\‘d’"I < ellVulliany + Cealllullizg) + I1f1lizg)
1
where C, » depends on « and ||b||~q; and ||¢]|=qa).
@ By taking < g5l all the abave eslimates lead to the following estimate

2 - 2. [ #112.
IV iz < CalllUllzzgmy + Il

or

Vulltzn < Calllvliem + 1M832a) (5)

@ For the estimate of ||[VVu| i_,m. substitute ¢ = — 0 " OPuc?) into (2), where
O u denotes the different quotient

ufx + hay) — u{x) _ du

O} ul x) =
h Xy

where h is very very small and 0 < h < dist{ W, 002). Then

@ We write / as

= /“ fz::av (of ::: ) (o45s ) Gox+ [o 0, Dfay () (Do) c2ox
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@ From the assumption of ellipticity,
Ci[|¢DKV U720y <
@ Using high school algebra with Holder and Poincare inequality,
2| +|B| < €||CDEVUHEE(Q) + C- (HUHH1 @ + HfHE?(Q])

where e can be chosen arbitrary small and C, > depends on e and ||A||¢, (),
1B][== (2, and |[¢]|L== (o).

@ Then, we can have the estimate
[CDEVUlFagy < Ce (IlUllincey + IlEzqey )
Since this holds true for arbitrary small h, we have the estimate
IVVUllfew, < Co(llulln + 1lfze))

Here, we may use some convergence theorem in Real Analysis. Combining this
estimate with (5) with appropriate choices of ¢ leads to (3).



Example: The constant C in the regularity estimate
depends on dist(0Q. V)

Let Q be the unit disk. Let u"(x. y) = r" cos(n#) with r being
r=+/x2+y2and#beingtand = y/x . Then

_V2Uu"=0 inqQ.

It is easy to see that
0 [[ZUZ, 00 > 1P, [[U7|2qy < 1

Hence, the sequence {u"} satisfies —V2u" = f=0 in Qand
IVVU"[[2iq) — 00, while [[u][Zoiq) + If172(q) < 1

However, if V CC Q, there exist C, independent of n, such that

VYU (%, gC(HU”H )+ Il m)



The elastic wave equation for a homogeneous
ISotropic medium

Combining the equation of motion, Hook'’s law and the relation between strain and
stress gives an equation for the displacement u :

82
pVoU 4 (N +2p)V(V - u) + pf = pa—;

@ uis the displacement vector.
@ p is the shear modulus with ;o = 2(&0) and \ the Lamé coefficient with

_ oE
A T (1=20)(14+0o)

@ E is Young's modulus and o Poisson’s ratio

The result od combining the constitutive equation describing the relation between
stress and strain with general continuum mechanics is the elastic wave equation.
Continuum mechanics studies the deformation and motion of bodies ignoring the

discrete nature of matter, and confines itself to relations among gross phenomena,
neglecting the structure on a small scale.



Green'’s function for a domain Q.

Definition
Let 2 be a smooth domain in R®. The Green’s function of the Laplace equation for the

domain €2 is ’
= = ! !
G r)= =7 H(r,r), el

where H(r,r’) satisfies the following: for each ' € Q,

—V2H(r,r')=0 forre Q
H(r )= =  forreoq.

O For afixed r' € Q, the Green's function satisfies the following in the sense of
distribution:

—V2G(r.r)=68(r-r) forreQ
air,r')y="0 forr € 9Q.

@ When Q = R®, H = 0 and the Green's function G(r.r') = g




Representation of solutions by Green’s function

Theorem
We can express the solution of the Poisson’s equation

—Veu=p inQ
Ulagzo

as
u(r) = f G(r,r")p(r')dr’ (Vx € Q).
Q

@ The proof follows from the fact that

~V2G(r.r')=6(r—r) forreQ
air;r) =0 forr € 99.

@ However, finding Green'’s function can be very very difficult if the domain is not a

ball, half space, and domains with very special geometry. Solving the PDE using
FEM is much much easier.




Lemma
If G is a Green’s function for the domain 2, then it is symmetric:

G(x,y) = Gly,x) (Vx,y€Q)

where x = (X1, X2, x3) and'y = (y1., Yz, ).

@ Proof. Integrating by parts gives
G(x,y) = / 3z —x)G(z,y)dz = —f V:G(z,x) G(z,y)dz
Q Q
= / V:G(z,x) - V:G(z,y)dz
JQ

= — / G(z,x) - V:G(z,y)dz = [ G(z,x) 6(z —y)dz
Ja Ja
= G(y, X).



Theorem (Poisson’s equation with Dirichlet BC)

For f € C'(9Q), the solution of the Poisson’s equation

—V2u = P inQ
U]an = .

is expressed as
u(r) = /Grr r')ar +/ K(r:r') (') dSy, reQ

where the Poisson kernel K(r,r’) is

K(r,r') = —n(r') - Vo G(r,r'), (Vr' € 0Q & Vr e Q).

O For afixed r € Q, integration by parts gives
u(r) = [ S(r—r")u(r)dr’ = /V,f G(r,r') u(r')ar ( distributional sense)
Q
= / K(r,¥)f(r') dS, + / Ve G(r,¥') - Vu(r')dr
an Q
K(r,r')f(r') dS. + [G(r, r')p(r')dr
JQ

an



Theorem (Green’s function in a ball)
The Green’s function of the ball 2 = {r = (x,y,z) : |r| < s} is given by

1 S
G(r;r') = - :
4?T|I‘—l"| 4,h_|r;| r— s‘f;;
Ir’]
H(r ")

@ The image point r, with respect to the sphere 92 is given by

s’r
r, = .
2
As a result,
s
H(r,r') = .
s=r’
4rlv] v — 7
is harmonic w.r.t. r and
s 1
= for all |r] = s.
4r|r —r/| "

2!
arle| |r - 25




Theorem (Mean value property and maximum principle)

Assume that u € C?(Q) satisfies VZu(r) = 0 in Q. For eachr* € Q, u(r*) is the
average of u over its neighboring sphere centered atr*:

1 .
_ W/ass(r*)u(r)dsr (VBs(r") C Q).

u(r)
Moreover, u can not have a strict local maximum or minimum at any interior point of €2.
In other words,

SuUpuU = supu and min u = min u.
a0 Q o0 Q

@ Assume Bs(r*) C Q. If K(r,r") is the Poisson Kernel for the ball Bs(r*), a
straightforward computation gives

. 1

Then, the mean value property follows from the representation formula

u(r) = /S;G(r;r’)p(r’)dr’ + /m K(r:¥') £(r') dS,

with p = 0 and the above identity. Moreover, the mean value property gives the
maximum principle.



Theorem
Denote Bs = {|r| < s}. If u € C?(B:s) satisfies —V?u = p in Bs, then

1 /1 A
u(0) = avegp,U + /BS = (— — —) p(r)ar

Irl s
where aveyp U = ﬁ | o8, u(r)dSy. In particular,

VPu=p>0 inBs= u(0)< avess,u,
VPu=p<0 inBs= u(0)> aveys,u.

@ The identity follows from the representation formula

u(r) = /QG(r; r)p(r)dr’ + /39 K(r;r') f(r') dSy



