Laplace Equation in 3D
Green’s Function
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Theorem (Green’s function for R3)

The function satisfies the following properties:
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(V p € C5(RY)).

@ Let p € C§(R®). Straightforward computation gives
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@ Hence, for an arbitrary ball B containing r, we have
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Proof of —V? [, mp(r’)dr’ = p(r) forall p € C3(R?)
Recall —V2(1—) —0forr#r. Forre B,
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O(|r — r’|) allows pushing lim. o, inside [ & this converges to zero.

= lim /Vf ( -1 )) p(r')dr’ (e allows pushing V? inside [5)
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@ Hence, it suffices to prove
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Lebesgue's Dominated Convergence Theorem (a modified version for this lecture).
Let Q be a subdomain of R™. If { f;,} < L1(Q)is a sequence satisfying
suplfn()| < g(x) & lim f,(x) = f(x) a.e
n

with f,g € L'(Q) (i.e. [osIf| <o & [5]gl <o), then

lim | f,=]| limf,



Lebesgue's Dominated Convergence Theorem (a modified version for this lecture).
Let Q@ be a subdomain of R™. If {f,,} c L*(Q)is a sequence satisfying
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‘ O(|r — r’|) allows pushing lim._,o, inside [, & this converges to zero.

Lebesgue’'s Dominated Convergence Theorem (a modified version for this lecture).
Let @ be a subdomain of R™. If { f,} < L'(Q) is a sequence satisfying
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Proof of —V? [ gp=prdf' =1 (VB >).

Let B,(r) be a ball with the center r and the radius r such that B,(r) C B.
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Lebesgue’'s Dominated Convergence Theorem (a modified version for this lecture).
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Theorem (Green'’s function for R®)

The function . satisfies the following properties:
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Electrostatics

@ The electric field intensity from a point charge q, located at rp in an unbounded
free space can be expressed as
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E(r) = e B[ —Ta’ (based on Coulomb’s law)

where ey = 8.85 x 1072 is the permittivity of the free space.
@ In general, we can express E subject to a certain charge distribution p(x) in Q as
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@ Hence, E can be expressed as

E(r) = —Vu(r) where u(r)= / 1 p(r’) dr’.

g3 4m|r —r'|
@ Here, u is the electric potential and it satisfies the Poisson’s equation:

—Veu(r) = p(r).



