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Example: Poisson’s equation
Define the map a : Hy(Q) x H3(Q2) — R by

a(u,o) = /Q oVu-Vo¢ (0< < o(r) < ¢ <o0)

and define b : Hy () — R by

b({f)) —= / fodx.
Ja
The solvability problem of { ;|Vn'£(r§ i is equivalent to the uniqueness
ail —

and existence question of finding u € X = H{(Q) satisfying

a(u,o) = b(¢), Voe X.

Note that the map a : Hj(Q2) x Hj () — R satisfies the followings:
@ both a(u,:): X - Rand a(-,w) : X — R are linear for all u, w € X,

0 |a(u,v)| < eillu|lv]| and col|ul|* < a(u, u).



Solvabilitv of —V :-(cVu)=Ff In
olvability o U|E:JQ — 0

Example: Finite Element Method (FEM) for solving
Poisson’s Equation

Assuming that the Hilbert space H}(Q2) has a basis {¢x : k=1,2,---}, the
variational problem [a(u, ©) = b(®), Vo € X] is to determine the coefficient
{ug - k=1,2,---}of u=" Uk satisfying

a(z U, &) = b(dy), Vj=1,2,-
— s Jo Téjdx

w

JaoVu-Vodx



a(u, ) = faVu-Vc[J dx b(¢p) = ff(l, dx
0

0

a(u, ¢g) = b(Py) for k=1,2,--

u= Zui¢i

l

a (Z w;p; ¢k> — b(¢k)

i

Z u; a(p;, pr) = b(Ppy)

l




a(u,¢;) = b(g) for k=1,2,-
u=),; U,
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imensi b tation: V = =
One-dimensional FEM for solving Poisson equation ( abuse notation: V = d_)

—-V-Vu=1 in(0,1)
u@0)=0u1)=0
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uqb]dx —f ¢jdx forj=123,4

J J
| |
a(u, ¢;) b(¢;)

- L

coefficients
_— *&——w”,,

Assume u(x) = u1k ‘/;I/(x) + u; ¢, m’u3¢3(x)+’u4 P4(x)

a(¢;, dr)

a(pq, ¢3) aldpz P3) alds, P3) alps, P3) 2 || b(gs)

a(p, d1) aldy, d1) alps ¢d1) alPs, d1) Uq b(¢,)
(a(¢1:¢2) a(pz, ¢2) aldps, @) aldps, ‘Pz)) <u2>_ b(¢,)
a(P1,ds)  aldz,4)  alds ds) alds ds) b(¢p4)

= fol Vi(x) Vi (x) dx =

(10 if j=k 1 1
-5 if |-kl =1, b(dy) = | ¢y00dx =
0

. 0 otherwise



X = R" a(u, @) = (Au, $) b @) =f ¢

Hibert space A:n X n positive definite matrix. a:X - R is linear.

a(u,u) > C||ul|* Vue X

Today, we will show the solvability by proving the following relations:

Au=f a(u,¢) =b(¢) Vp €X

Lax-Milgram Theorem

1
=3 | ;
,‘, : u = arg min d(u): = Ea(u, u) — b(u)
. Vd(u) = Au—f :



X = H%(Q) a(u, ) = faVu- Vo dx b(¢) = ijb dx
Hibert space 0 0
a:X X X — R is bilinear. a:X - R is linear.

a(u,u) > C||u||>? VueX
Poincare inequality

Today, we will show the solvability by proving the following relations:

V'(GZ;;) =_f0i7’tQ a(u,¢) = b(¢p) Vo € X
q =

Lax-Milgram Theorem

u=argmin®(u): = %a(u, u) — b(u)

uex




Theorem (Lax-Milgram theorem)

Suppose the bounded bilinear map a: X x X — R is symmetric and
a(u,u) > c||u|l®, ¢>0.
Suppose b(-) : X — R is linear.
O There exists a unique solution u € X of the minimization problem

Minimize &(u) := % a(u,u)—b(u), uelX.

@ The solution u of the minimization problem is the solution of variational problem:

a(u,o) =b(¢), Voe X.

»

Example: Consider the solution u € X = H] () of Poisson’s equation —V?u = f in Q.
This u is a minimizer of the problem:

min  $(u) = %/ﬂWu{x)izdx— /ﬂ f(x)u(x)dx, ue X =Hy(Q).

a(u,u) b(u)



Proof of Lax-Milgram: Existence

Existence of the minimizer can be proven by showing

Jue X st Ou)=a:= i_erdb(v).

Proof. Let {un} be a sequence s.t. ®(un) — a.
9 a(Un, Un) + a(Um, Um) = 5a(Un — Um, Un — Um) + 3@(Un + Um, Un + Upm).
QO 2®(un) + 2¢(um) = 3a(Un — Um, Up — Upm) + 4D (“2tim),

@ Setting n, m — oo, we have

1 Un+ U
4o +— 20(up) + 2®(um) = Ea(un—uxy?-un—urr?)+4¢( n—; m)
C
> EHUn—UmHE‘f’df”-

@ Hence {un} is a Cauchy sequence and Ju € X so that u = limp—  Us. Since
®(-) is continuous due to the assumption that a(-, -) and b(-) are bounded and
linear, we prove existence of the minimizer u:

d(u) = lim d(up) = .

N—r oo
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a(Un, Un) + a(Um, Upm) = %Mm, Un — Um) + za(Un + Um, Up + Up).
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Proof of Lax-Milgram: Uniqueness

@ If uis a minimizer,

%(D(u + td)|i—o =0 (Vo € X) — a(u,¢) =>b(p) (Vo e X).

@ Hence, if u and v are minimizers, then
a(u,¢) = b(¢) = a(v.¢) (Yo € X)
which is equivalent to
alu—v,p)=0 (Vo € X).

@ In particular, a(u — v, u — v) = 0. Then, it follows from the condition of a(-. -)

that
cllu— VHE <alu—v,u—v)=0,

which gives u = v.



Ritz Approach

Taking account of the finite element method, we assume the followings:

O X is areal Hilbert space with a norm || - ||.

@ {X»} is a sequence of a finite dimensional subspace of X such that

Xn C Xn_|_1 & UhOC:an — X

@ {¢]:j=1.---.Np}is abasis of X,

@ a(-,-): X x X — R be a bounded, symmetric, strongly positive, bilinear map and

a(u )| < Mlullivll. cllul? < a(u,u), Vu.ve X.

Q@ b e X* where X* is the set of linear functional on X.

Consider the minimization problem:

min (uy) = %a(un, Un) — b(Un),  Un € Xo.

The variational problem is as follows:

Example: Consider the solution u € X = HJ(f2) of Poisson’s equation —V?u = f in Q.
This v is a minimizer of the problem:

min  $(u) := %/ﬂ |Vu(x)|2dx—‘/g; f(x)u(x)dx. ueX=HQ).

afu,u) blu)

Find une Xn s.t. a(un,on) = b(odn), VYon e Xn.



(—4.3,0)

Uy

Theorem (Projection theorem)

The space X equipped with the new inner product and norm
(U,v)a:=a(u.v), |ulla:=+a(u,u) (¥ u,velX)
is also a Hilbert space. For any closed subspace V =V C X and for each u € X,

Juy € st ||u—uy|la=min|u—Vv|a.
veV

Denoting V-2 .= {w e X : a(w,v)=0. Vv e V}, ifuis decomposed as
U= th +Us, (U1 cV. wece VJ_a),

then uy = uy and us = u — uy.

Example: Let X = R® with its new inner product given by

(ugv)a::((i é E)u,v) vV u,veX=R

Let V =span{(1,1,0),(0,0.1)} ={ve X : (—-1.1,0)- v =0}. Then,
V-+a .= span{(—4,3,0)}. Forany u € X, uy., = o(—4,3,0) for some «. This is the
key of Riesz Representation:

Junique u e X s.t. (U, v)a=(-1,1,0)-v (Vv € X)

N "y

b

linear functional

V =span{(1.1.0).(0,0,1)} ={ve X : (—-1.1.0)-v=10}



Proof of 3uy e v sit. |lu— uyl|la = minyey |[U— V|4

@ Let u be fixed. Since
|lu—v|&=a(v,v)—2a(u,v) + a(u, u).

the problem is equivalent to solve the following minimization problem:

DliD d(v) = %a(v. v)—b(v)  b(v)=a(u,v)

@ According to the Lax-Milgram theorem, Juy € V of the minimization problem.



Proof of 3uy e V st |ju—uy|la = miney ||u— V|2

@ According to the Lax-Milgram theorem, Juy € V of the minimization problem.
@ Next, we will show u — uy € V+.
|u—uyld<|ju—(uy+t)||Z (YveV, VteR)

= 0 < —2ta(u— uy,v) + ta(v,v) (YveV, YieR)
= —ta(v.,v)<2alu—uy.v)<ta(v,v), (VveV, Vit>D0).

@ Lettingt— 0,wegeta(u—uy,v)=0 (VveV) = u—uyecV*a

@ Uniqueness of the decomposition follows from the fact that

u.
O=u—u=(U—uy)+(—Uu+uy) = U =Uy & U =U— Uy.
c Vv € V-ia
\ .

a-orthogonal
vector



Theorem (Riesz representation theorem)

For each linear functional b € X*, there is a unique u, € X such that

b(v) = a(u.,Vv), (Yve X).

Moreover, ||b|| = \/a(us., u,).

Assume b #0. Let V :={w € X : b(w)
@ Since V42 £, Ju e V+2 st b(u)
@ Since b(w — b(w)u) = b(w) — b(w)b

I

}. Claim: dimV+2 =1,

0
by
(u) =0 forall w € X,

.y w=w—bw)u+bw)lu  (Ywe X).
S O S W YA

a-orthogon& e V c Via

vector

V= {we X : b(w) =0}



For each linear functional b € X*, there is a unique u, € X such that

b(v) = a(u«,v), (Vv e X).

w=w— b(w)u+ b(w)u (Yw € X).
S N
eV € Vdia

Projection theorem =- the decomposition is unique & dimV+2 = 1.

For all w € X, we have

a(u,w) =a(u,w— b(w)u+ b(w)u) = a(u, b(w)u) = a(u, u)b(w).
cv

Hence, u. = u/a(u, u) is the solution!
Since |b(w)| < ||u. [lal|wlla @nd [b(u.)| = [|u.[|3, we have [|b]| = ||u. |a



Theorem (Ritz Error Estimate)

Assume that u, € X, is a unique solution of the minimization problem
: 1
min  &(un) = EH(U"’ Un) — b(Un), Un € Xn.

Let u be a solution of the minimization problem with X, replaced by X. Then,

(i) lim flup—u =0,

y M .
— < —vlil.
() llu—tnl] < = min fju—vi,

(i) Zlu = unl® < S(un) — d(w).

@ a(u,v)=b(v)=a(un,Vv)forall veX,implies alu—u,v)=0 (VveX,).
@ Forall v € X, we have

1 1 M
U= ual* <<a(u = tn,u— tp) = —a(u — t,u=v) < Zju =t u=v]|

which gives (ii). (i) follows from the assumption that X, — X as n — <.
@ Forallv e X,

S(u+v) = %a(u+ V.U+ V) — bu+ v) = %a(v, v) + (a(u,v) — b(v)) +(u)

—_— =1 =5 — —



