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𝐷(𝒖) = 𝟎 (Continuity equation)

Difficulties for solving the problem numerically?
• Nonlinearity of the first equation

• No
𝜕𝒑

𝜕t
part, 𝒑 as a Lagrange multiplier  to make sure  continuity eq.
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Procedure of the projection method（3D）

 Discretization form
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Decouple pressure and velocity?

𝑢𝑖
𝑛+1 −𝑢𝑖

𝑛

∆𝑡
= −

1

2
3𝐻𝑖

𝑛 − 𝐻𝑖
𝑛−1 −

𝛿𝑝𝑛+1

𝛿𝑥𝑖
+ 

1

2𝑅𝑒
𝐿 𝑢𝑖

𝑛+1 + 𝑢𝑖
𝑛

𝛿𝑢𝑖
𝑛+1

𝛿𝑥𝑖
= 0

convection term: 
2nd order adams-bashforth
Diffusion term:
Crank-Nicolson

𝐻𝑖
𝑛 =𝑢𝑗

𝑛 𝛿𝑢𝑖
𝑛

𝛿𝑥𝒋
= 𝑢1

𝑛 𝛿𝑢𝑖
𝑛

δx1
+𝑢2

𝑛 δui
n

δx2
+𝑢3

𝑛 𝛿𝑢𝑖
𝑛

δx3

𝐿 𝑢𝑖
𝑛+1 + 𝑢𝑖

𝑛 = 
𝛿𝑗
2(𝑢𝑖

𝑛+1+𝑢𝑖
𝑛)

𝛿𝑥𝑗
2 =

𝛿1
2(𝑢𝑖

𝑛+1+𝑢𝑖
𝑛)

𝛿𝑥1
2 +

𝛿2
2(𝑢𝑖

𝑛+1+𝑢𝑖
𝑛)

𝛿𝑥2
2 +

𝛿3
2(𝑢𝑖

𝑛+1+𝑢𝑖
𝑛)

𝛿𝑥3
2 .

 Apply Hodge decomposition(𝑢𝑖
∗,𝑛+1 = 𝑢𝑖

𝑛+1 + ∆𝑡
𝛿𝜑𝑛+1

𝛿𝑥𝑖
) 

𝑢𝑖
∗,𝑛+1 −𝑢𝑖

𝑛

∆𝑡
= −

1

2
3𝐻𝑖

𝑛 − 𝐻𝑖
𝑛−1 +

1

2𝑅𝑒

𝛿𝑗
2(𝑢𝑖

∗,𝑛+1+𝑢𝑖
𝑛)

𝛿𝑥𝑗
2

𝑢𝑖
𝑛+1 − 𝑢𝑖

∗,𝑛+1

∆𝑡
= −

𝛿𝜑𝑛+1

𝛿𝑥𝑖

𝛿𝑢𝑖
𝑛+1

𝛿𝑥𝑖
= 0



 Calculate the momentum equation
𝑢𝑖
∗,𝑛+1 −𝑢𝑖

𝑛

∆𝑡
= −

1

2
3𝐻𝑖

𝑛 − 𝐻𝑖
𝑛−1 + 1

2𝑅𝑒

𝛿𝑗
2(𝑢𝑖

∗,𝑛+1+𝑢𝑖
𝑛)

𝛿𝑥𝑗
2

𝛿𝑢𝑖
∗,𝑛+1 = 𝑢𝑖

∗,𝑛+1 − 𝑢𝑖
𝑛

𝛿𝑢𝑖
∗,𝑛+1 = −

∆𝑡

2
3𝐻𝑖

𝑛 −𝐻𝑖
𝑛−1 + 

∆𝑡

2𝑅𝑒

𝛿𝑗
2(𝛿𝑢𝑖

∗,𝑛+1+2𝑢𝑖
𝑛)

𝛿𝑥𝑗
2

(1 −
∆𝑡

2𝑅𝑒

𝛿2

𝛿𝑥𝑗
2)𝛿𝑢𝑖

∗,𝑛+1 = −
∆𝑡

2
3𝐻𝑖

𝑛 −𝐻𝑖
𝑛−1 + 

∆𝑡

𝑅𝑒

𝛿𝑗
2𝑢𝑖

𝑛

𝛿𝑥𝑗
2

𝐴𝑗 =
∆𝑡

2𝑅𝑒

𝛿𝑗
2

𝛿𝑥𝑗
2

(1 − 𝐴1 − 𝐴2 − 𝐴3)𝛿𝑢𝑖
∗,𝑛+1 = −

∆𝑡

2
3𝐻𝑖

𝑛 − 𝐻𝑖
𝑛−1 +2(𝐴1 + 𝐴2 + 𝐴3)𝑢𝑖

𝑛

1 − 𝐴1 − 𝐴2 − 𝐴3 = 1 − 𝐴1 1 − 𝐴2 1 − 𝐴3 + 𝛰 ∆𝑡2 = Apply velocity-velocity decoupling by

1 − 𝐴1 1 − 𝐴2 1 − 𝐴3 𝛿𝑢𝑖
∗,𝑛+1 = −

∆𝑡

2
3𝐻𝑖

𝑛 − 𝐻𝑖
𝑛−1 +2(𝐴1 + 𝐴2 + 𝐴3)𝑢𝑖

𝑛

 Solve 
𝑢𝑖
𝑛+1 −𝑢𝑖

∗,𝑛+1

∆𝑡
= −

𝛿𝜑𝑛+1

𝛿𝑥𝑖
for 𝜑𝑛+1

D(
𝑢𝑖
𝑛+1 −𝑢𝑖

∗,𝑛+1

∆𝑡
) = D(−

𝛿𝜑𝑛+1

𝛿𝑥𝑖
), 𝐷(𝒖) = 𝟎

D(𝑢𝑖
∗,𝑛+1) = ∆𝑡 D(−

𝛿𝜑𝑛+1

𝛿𝑥𝑖
) D(𝑢𝑖

∗,𝑛+1) = ∆𝑡
𝛿𝑖
2𝜑𝑛+1

𝛿𝑥𝑖
2 Poisson equation

 Solve𝑢𝑖
𝑛+1 from 

𝑢𝑖
𝑛+1 −𝑢𝑖

∗,𝑛+1

∆𝑡
= −

𝛿𝜑𝑛+1

𝛿𝑥𝑖

𝑢𝑖
𝑛+1 = 𝑢𝑖

∗,𝑛+1 − ∆𝑡
𝛿𝜑𝑛+1

𝛿𝑥𝑖

 Solve 𝑝𝑛+1 from  𝑝𝑛+1 = 𝜑𝑛+1 −
∆𝑡

2𝑅𝑒

𝛿𝑖
2𝜑𝑛+1

𝛿𝑥𝑖
2



𝑢𝑖
𝑛+1 −𝑢𝑖

𝑛

∆𝑡
= −

1

2
3𝐻𝑖

𝑛 − 𝐻𝑖
𝑛−1 −

𝛿𝑝𝑛+1

𝛿𝑥𝑖
+

1

2𝑅𝑒

𝛿𝑗
2(𝑢𝑖

𝑛+1+𝑢𝑖
𝑛)

𝛿𝑥𝑗
2

𝑢𝑖
𝑛+1 −𝑢𝑖

𝑛

∆𝑡
= −

1

2
3𝐻𝑖

𝑛 − 𝐻𝑖
𝑛−1 −

𝛿𝜑𝑛+1

𝛿𝑥𝑖
+

1

2𝑅𝑒

𝛿𝑗
2(𝑢𝑖

∗,𝑛+1+𝑢𝑖
𝑛)

𝛿𝑥𝑗
2

 𝑝𝑛+1 = 𝜑𝑛+1 −
∆𝑡

2𝑅𝑒

𝛿𝑖
2𝜑𝑛+1

𝛿𝑥𝑖
2 obtained from

𝛿𝑝𝑛+1

𝛿𝑥𝑖
=

𝛿𝜑𝑛+1

𝛿𝑥𝑖
+

1

2𝑅𝑒

𝛿𝑗
2(𝑢𝑖

𝑛+1−𝑢𝑖
∗,𝑛+1)

𝛿𝑥𝑗
2

= 
𝛿𝜑𝑛+1

𝛿𝑥𝑖
+ ∆𝑡

2𝑅𝑒

𝛿𝑗
2(−

𝛿𝜑𝑛+1

𝛿𝑥𝑖
)

𝛿𝑥𝑗
2

= 
𝛿

𝛿𝑥𝑖
(𝜑𝑛+1 −

∆𝑡

2𝑅𝑒

𝛿𝑖
2𝜑𝑛+1

𝛿𝑥𝑖
2 )

𝑢𝑖
𝑛+1 − 𝑢𝑖

∗,𝑛+1

∆𝑡
= −

𝛿𝜑𝑛+1

𝛿𝑥𝑖

Original discretization 

Present discretization 


