


Elliptic PDE for inhomogeneous materials
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Note that 𝝈 can be discontinuous, i.e.  𝝈 ∉ 𝑪 𝛀 .



How can we understand 

when is discontinuous?

in  

Answer: It can be 
understood by using 
variational framework. 

𝛀
𝟎
𝟏

Variational framework



Actual PDE problems are often very different from the textbook 
contents which deal with simplified toy models.

To find solutions that have practical significance and value, it is necessary to gain a deep 
understanding of the underlying physical phenomena with the parameter details of PDE 
models as well as the data acquisition systems.

• How to get the domain ?
• How to get the boundary data?
• What is the coefficient of elliptic PDE?

응용에 실패한 (또는 실제문제 해결에 도움이 되지 않은) 대표적인 수학자 모델

제대로된 수학문제를 주세요. 그러면 풀어 드릴께요.
(무었이 어려운지 모르는 수학자) 

I will not deal with this issue in this lecture.

Optional



What is the coefficient 𝑨 ሺ𝒐𝒓 𝝈ሻ of elliptic PDE?

𝐴 ൌ
𝜎ଵଵ 𝜎ଵଶ 𝜎ଵଷ
𝜎ଶଵ 𝜎ଶଶ 𝜎ଶଷ
𝜎ଷଵ 𝜎ଷଶ 𝜎ଷଷ

Under the assumption 
that 𝑨 ൌ 𝝈 is isotropic, 
we get lung EIT(electrical 
impedance tomography) 
images.

The coefficient A (in electrical impedance area) should be understood as a 
homogenized  admittivity tensor that depends on scale, position, cell 
structure including molecular compositions of cells, shape and direction of cells, 
cellular membranes, intra-and extra-cellular fluids, concentrations and 
mobilities of ions. Homogenization and Harmonic analysis (layer potential 
theories) are related to this subject. 
(See the paper https://www.sciencedirect.com/science/article/pii/S0021782415001592 & effective conductivity in
my webpage https://www.deepmediview.com/blank-15)
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Understanding Variational Framework

Why?  See the next slide.
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However, without the Sobolev constraint  𝑯𝟏 𝛀 , the 
Dirichlet problem can be ill-posed.

𝝏𝜴
 

It is because there exist infinitely 
many solutions in 𝑪ஶ 𝛀 :

𝒖 𝒓, 𝜽 ൌ  𝒓
𝟐𝒏
𝟑  െ 𝒓ି𝟐𝒏

𝟑 𝐬𝐢𝐧 𝟐𝒏
𝟑

𝜽 ,       𝒏 ൌ 𝟏, 𝟐, ⋯  

𝛀 ൌ  𝐫, 𝜽 : 𝟎 ൏ 𝒓 ൏ 𝟏, 𝟎 ൏ 𝜽 ൏
𝟑
𝟐 𝝅

Example The Dirichlet problem is known to be well-posed .

𝒖 ∉ 𝑯𝟏 𝛀









See my other lecture for details about “history of compactness, Sobolev space, 
and measure theory”. 
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